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Abstract
A large number of works deal with material synthesis and characterization of polymer nanocomposites due to their improved thermo-
mechanical properties, but the fundamental mechanisms for mechanical property enhancement are not yet completely defined. In particular,
a special class of polymer/organoclay nanocomposites has been observed to exhibit an impressive improvement in different types of properties,
physical and chemical ones. In the present work, a model is presented and applied to formulate the elastoplastic response of epoxy/clay nano-
composites, experimentally tested elsewhere. The model based on MorieTanaka theory, for the estimation of the elastic stiffness tensor for com-
posite materials, is combined with the self-consistent model of Budiansky and Wu, valid for crystal plasticity. Then the macroscopic plastic
response of the heterogeneous material is linked with the microstructural parameters, i.e., the plastic behaviour of the effective particle. The
model was proved to successfully describe the tensile response of the epoxy/clay nanocomposites with varying clay weight fraction.
� 2008 Elsevier Ltd. All rights reserved.

Keywords: Polycyanurate; Nanoclay; Micromechanical
1. Introduction

Over the last years, polymer/clay nanocomposites have
attracted great scientific and industrial interest, because of the
remarkable improvement seen in materials’ properties, not
met by virgin polymer or conventional micro- and macro-com-
posites. A polymer nanocomposite contains particles (or fillers)
dispersed in a polymer matrix, where one or more of the dimen-
sions of the particle is on the nanometer lengthscale [1]. One
particular class of polymer nanocomposites that has received
special attention is that of organic/clay ones [2]. The outstand-
ing improvement obtained in many properties such as tensile
modulus, strength and toughness at both low and high temper-
atures, increment of transition temperatures, flammability resis-
tance, ablation and moisture/gas barrier performance [1e6],
makes polymer/clay nanocomposites the materials of choice
in several structural and functional applications. In addition,
polymer/clay nanocomposites are lighter in weight compared
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to the conventionally filled polymers thus achieving a higher
degree of stiffness and strength with far less high density inor-
ganic materials [7] and they retain the optical transparency
of the parent polymer because the size of the particles is less
than the wave length of the visible spectrum [8].

The enhancement in mechanical properties observed in
nanocomposites has led to the development of various models
[9e13] that attempt to predict the behaviour of these materials
from a mechanical or physical viewpoint. For instance, several
models have been proposed for the prediction of the effective
moduli of unidirectional nanocomposites with dispersed and
parallel flake-like inclusions (e.g. Refs. [9,10]), but the funda-
mental mechanism for mechanical enhancement of polymer
nanocomposites is not yet completely defined [11e13]. For
conventional polymer/fiber composites, where the filler di-
mensions are in the range of tens of microns or larger, contin-
uum mechanics models are applied with considerable success.
In organic/clay nanocomposites, these models need to be prop-
erly modified owing to the major differences in behaviour
between conventional and nanostructured materials related
with the much larger surface area per unit volume existing
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in the latter. As emphasized by Brune and Bicerano [14], the
concepts of matrix or filler, as known in conventional particu-
late composites, attain a different meaning in the case of poly-
mer/clay nanocomposites. The reason for that is the hierarchical
nanometer lengthscale morphology of the particle structure and
the surrounding matrix.

In micromechanics modelling, nanoparticles are often
considered to consist of layers w1 nm in thickness and lateral
dimensions from 300 Å to several microns, depending on the
particular silicate. Stacking of these layers leads to a regular
van der Waals gap between them so-called interlayer or gallery.
The clay particles or their layers are incorporated into the poly-
mer matrix by different ways, and therefore, polymer/clay com-
posites can be divided into four categories [15] depending on
clay content, degree of clay layer separation and distribution
in the composite: conventional miscible composite, where the
clay particles retain their original state of aggregated layers
with no insertion of polymer matrix between them; intercalated
composite, where extended polymer chains are inserted into the
clay structure between the layers forming a well ordered multi-
layer with alternating polymer/inorganic domains and expand-
ing the interlayer spacing by a few nanometers; exfoliated
composite, where the 1 nm thick clay layers are uniformly
dispersed in a continuous polymer matrix and segregated
from one another by average distances that depend on clay
loading; partially intercalated and exfoliated composite where
the exfoliated layers and intercalated particles are randomly
distributed into the matrix. An enhanced thermo-mechanical
behaviour characterizes the polymer/nanoclay composites with
either intercalated or exfoliated layers. Moreover, the exfoliated
nanocomposites have better thermo-mechanical properties than
the intercalated ones for the same clay content [15].

In the present paper, a micromechanics model based on
Eshelby’s eigenstrain idea [16], MorieTanaka’s back stress
analysis [17], and Chen and Cheng’s model [18] initially
proposed to determine the elastic stiffness tensor of polymer
nanocomposites is combined with the self-consistent model
of Budiansky and Wu [19] for plastic deformation to predict
the elastoplastic behaviour of particulate composites. Taya
and Chou’s model [20] for the calculation of the longitudinal
modulus of hybrid composites is used to estimate appropriate
values for model parameters. Following this procedure, the
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macroscopic properties of heterogeneous materials are linked
with their microstructural parameters. Constitutive laws for
plastic deformation within the frame of Rubin’s analysis
[21,22] are written for both material structures, i.e., matrix
and inclusions. The present model analytically presented in a
previous publication [23] has been successfully applied on con-
ventional composites as well as on polymers reinforced with
silica nanoparticles. In this work, in order to account for the in-
herently discrete nanoclay structure, the concept of the ‘effec-
tive particle’ initially presented for separate clay sheets, is
extended to involve the case of a nanosized particle or agglom-
erate surrounded by a percentage of matrix attached to it, that
possesses different properties with respect to that of the matrix.
Through this procedure, the coexistence of partial intercalation
and exfoliation, the mechanical behaviour of nanoparticles, as
well as the proper conversion of filler weight fraction to particle
volume fraction are taken into account, providing a better
understanding of the relationship between nanoclay content
and structure and final nanocomposite properties. This concept
is then satisfactorily applied on tensile results for epoxy/clay
nanocomposites for different concentrations of clay, performed
elsewhere.

2. Micromechanical models

In their work, Taya and Chou [20] starting from the concept
of the eigenstrain idea of Eshelby [16] and based on previous
works of Mori and Tanaka [17] and Taya and Mura [25] who
considered the interaction among inclusions, introduced the
idea of a back stress and extended MorieTanaka’s theory to
three-phased composites with two different kinds of inhomo-
geneities. The overall stiffness assessment of these materials
was then possible. Taya and Chou’s model was also valid when
reduced in the case of particulate reinforcement. For the cal-
culation of the longitudinal modulus they used the equivalence
of the strain energies and obtained the following equation:

E11
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where E11 is the longitudinal modulus of the composite mate-
rial and Em the matrix elastic modulus. The quantity h is a
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function of filler volume fraction, the elastic constants of ma-
trix and filler as well as the components of the Eshelby tensor.
The Eshelby tensor components for prolate inclusions were
applied, given by Eq. (3):where n is the Poisson ratio of the
matrix, t1 is the aspect ratio of the particle and the quantity
g1 is given by the expression [20]:
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3. Clay morphology parameters

The improvement of nanocomposites mechanical properties
has been studied by applying models that take into account the
existence of both intercalation and exfoliation. This analysis
provides a better understanding of the material’s morphology
[15] and will also be supported by the results of various exper-
imental techniques.

The materials utilized in this study were developed in the
works of Luo and Daniel [15] and Daniel et al. [24] and
will be referred to as series A and series B specimens, respec-
tively. In both cases, the reinforcing phase was a commercial
grade of montmorillonite, Cloisite 30B from Southern Clay
Products, USA. Clay particles were disk-like stacks of thin sil-
icate layers, 1 nm thick with a diameter ranging from 100 nm
to several micrometers. The specific gravity of the clay parti-
cles (stacks) is 1.98 g/cm3 and the d-spacing is 1.85 nm. The
modulus of an individual layer (platelet or flake) is 170e
180 GPa and its specific gravity is 2.5 g/cm3. Two epoxy
systems were used as matrices. In series A, a Dow epoxy resin
(DER 331) modified with DER 732 and cured with Dow ep-
oxy hardener (DEH 24), and in series B, a three component
epoxy system (Ciba-Geigy GY 6010 unmodified epoxy, HY
917 hardener and DY070 accelerator). In series A, measure-
ments were carried out for pure matrix and a nanocomposite
with 5% per weight (wt%) concentration of clay, whereas in
series B, tests concerned the neat matrix and nanocomposites
with 2.5, 5 and 10 wt% organoclay loading. The detailed
procedure of preparation and processing of these materials,
in order to obtain well-exfoliated structures highly oriented
and randomly distributed in the matrix is provided in the
corresponding Refs. [15,24].

The quality of clay dispersion and structure of nanocompo-
sites was assessed by transmission electron microscopy (TEM)
and X-ray diffraction (XRD). Mechanical properties of epoxy/
clay nanocomposite specimens were examined by monotonic
uniaxial tension tests. These tests were conducted at different
strain rates; 1.7� 10�4 s�1 for series A and 1.7� 10�3 s�1 for
series B.

Before the presentation of the proposed model, it is imper-
ative to establish the concept of the ‘effective particle’ [26].
Let us start from the conventional miscible composite where
the polymer is unable to penetrate in the space between the
clay layers. In this case, due to the absence of polymerematrix
interplay, the particle volume fraction can be calculated from
the weight fraction through the equation:
fp ¼
Wp=rp
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�
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��
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where rp and rm are the clay particle and matrix densities cor-
respondingly, and Wp is the particle weight fraction. However,
in an intercalated nanocomposite, a significant number of
polymer chains are inserted in the galleries and the interlayer
spacing is correspondingly expanded, that is, the conversion of
filler weight fraction to particle volume fraction can no longer
be given by Eq. (4), because the hierarchical morphology of
the particle is intrinsically different, owing to changes caused
by the intercalated nanolayers and the surrounding matrix. Our
scope in this section is the proper mapping of the characteristic
clay structural parameters to micromechanical model parame-
ters. Structural parameters directly related to processing in-
clude the clay weight fraction Wc, the clay atomic structure,
the silicate interlayer spacing d(001) and the average number
of silicate layers per clay stack N. Model parameters include
the particle volume fraction fp, the particle aspect ratio L/t
(L is the length and t the thickness of the dispersed clay
particle) and the ratio Ep/Em of particle to matrix stiffness.
In combination with model parameters determined from
experiments such as XRD or TEM, this concept will be then
applied to simulate the tensile behaviour of two epoxy/nano-
clay systems.

In the case of an intercalated nanocomposite, where the
particle contains silicate sheets as well as interlayer galleries,
the particle weight fraction Wp differs from clay weight frac-
tion Wc. These quantities are related in terms of the following
equation [26]:
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where c¼Vsilicate/Vp is the volume fraction of silicate in the
effective particle and rsilicate is the density of the silicate sheet.
The latter is calculated by implementing the parameters of the
montmorillonite lattice [26,27]:

rsilicate ¼ rlattice ¼
M0

A0ds

¼ 2:44

ds

nm g=cm3 ð6Þ

where M0¼ 720 g/mol is the molecular weight and
A0¼ a0b0¼ 0.49 nm2 the planar area of the lattice, respec-
tively. In the latter equation, a0 and b0 represent the planar
dimensions of the lattice, being equal to 0.53 and 0.92 nm
[27], correspondingly. From Eq. (5) we have Wp¼aWc, so
Eq. (4) becomes:
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Wc=rp
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��
rm

ð7Þ

and assuming Wc small we obtain:
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Fig. 1. Effect of clay structural parameters (N, L) on the macroscopic modulus,

predicted by the TayaeChou model [20] (Eq. (1)), at a fixed value of the in-

terlayer spacing d(001). Model parameters used are indicated on the graph; the

remaining ones are calculated from Eqs. (10)e(12). Closed circles: experi-

mental ratios E11/Em calculated from the slope of the corresponding stresse
strain curves in the elastic region (series A tests [15]); pure matrix (0 wt%)

and nanocomposite (5 wt%).
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On the other hand, c is given by:

c¼ Nds�
N� 1

�
dð001Þ þ ds

ð9Þ

where ds is the silicate layer thickness. Furthermore, taking ad-
vantage of the equivalence of the effective particle with the
multilayer stack [26], since they possess the same mechanical
properties, the effective particle aspect ratio L/t can be given
by the equation:

L

t
¼ L�

N� 1
�
dð001Þ þ ds

ð10Þ

Combining Eqs. (6), (8) and (9) and assuming rm¼ 1.16 g/
cm3 (the mass density of epoxy matrix [28]), we obtain the fol-
lowing equation relating the conversion ratio fp/Wc with N and
the interlayer swelling d(001)/ds:
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The only unknown parameters at this point are the silicate

layer thickness and the effective particle modulus. As regards
the former, we refer to the work by Manevitch and Rutledge
[27]. There it was found with the help of molecular dynamics
(MD) simulation that the stiffness of a single silicate sheet
Esilicateds is varied between 246 and 258 N/m. Hence, with
the modulus of the single clay nanolayer Esilicate¼ 176 GPa
[15], the layer thickness ds is calculated to be 1.4 nm. With
respect to the latter, as emphasized by Sheng et al. [26], the
intercalated clay can be treated as a homogeneous isotropic
particle under the assumptions of well aligned particles and
axial loading.

Hence, in the following, we assume that the effective parti-
cle modulus Ep is analogous to the number of silicate sheets
per particle thickness [26]:

Ep ¼
Nds

t
Esilicate ð12Þ

As was mentioned above, in the present analysis the effec-
tive particles are considered to have the shape of prolate inclu-
sions. Hence, according to Eqs. (2) and (10), parameters such
as the number of silicate layers, silicate layer length and thick-
ness, and interlayer spacing N, L, ds and d(001), respectively,
are now included in the analysis and are required quantities
to compute the longitudinal modulus of the composite, E11.
The effect of the clay structural parameters on E11/Em (Em is
the matrix modulus taken equal to 2.05 GPa [15]) for a clay
concentration of 0e10 wt% was studied in terms of Eq. (1),
and is analytically presented in Fig. 1. For the analysis, the in-
terlayer spacing is fixed at 4.8 nm, based on the best estimates
of TEM micrographs [15]. In this figure, the normalized mod-
ulus E11/Em is plotted against clay concentration for two
specific values of L, with N ranging from 1 to 5, i.e., from
completely exfoliated to well ordered intercalated nanocompo-
site. It is clearly observed that for fixed L, the ratio E11/Em sees
an appreciable reduction as N increases, demonstrating the
detrimental effect of intercalation versus exfoliation with re-
gard to stiffness enhancement. Furthermore, the stiffness is
also decreased with decreasing silicate layer length, emphasiz-
ing the importance of a high aspect ratio when a high stiffness
is desired. Also included in Fig. 1 are the experimental ratios
E11/Em 1 and 1.29 of the epoxy/clay nanocomposites of 0 and
5 wt%, respectively, calculated from the slope of the stresse
strain curve in the elastic region [15], to give a better idea of
the parametric dependence of nanocomposite stiffness. It is
observed that the case N¼ 5 and L¼ 50 nm is in a satisfactory
agreement with the experimental points. Consequently, the
parameters chosen for the analysis for series A are: N¼ 5,
L¼ 50 nm, d(001)¼4.8 nm, ds¼ 1.4 nm, Ep¼ 59.8 GPa (from
Eq. (12)). Substituting Wc¼ 5 wt% in Eq. (11) yields the
effective particle volume fraction fp¼ 0.0978 or 9.78 vol%.

In series B, the extent of nanolayer expansion was quanti-
fied by low-angle XRD measurements [24]. For the 10 wt%
sample d(001) was detected at 4.57 nm, while for the sample
with 2.5% clay loading, the XRD pattern did not reveal any
clear peak, which was attributed to the low clay content result-
ing in small number of intercalated clusters. Samples with
5 wt% montmorillonite were not subjected to XRD analysis.
Hence, in order to get appropriate values for the remaining un-
known model parameters N and d(001), we examined the effect
of their variation on the normalized composite modulus E11/
Em. In Fig. 2 we compare the experimental ratios 1, 1.22,
1.37 and 1.62 for clay concentrations 0, 2.5, 5 and 10 wt%,
respectively, with predictions of the final composite modulus
calculated from Eq. (1). To simplify our calculations, we
assume L¼ 50 nm which is reasonable based on Fig. 1 (in
Fig. 1, all curves generated using L¼ 100 nm displayed a sig-
nificant deviation from the experimental points). As it is evi-
dent from Fig. 2, d(001) variation has a minor impact on
modulus, provided that the other parameters remain constant
(see curves (2)e(4)), especially for clay concentrations



Fig. 2. Effect of N and d(001) on the macroscopic modulus, predicted by the

TayaeChou model [20] (Eq. (1)), at a fixed value of L. Model parameters

used are indicated on the graph; the remaining ones are calculated from

Eqs. (10)e(12). Closed circles: experimental ratios E11/Em calculated from

the slope of the corresponding stressestrain curves in the elastic region (series

B tests [24]); pure matrix (0 wt%) and nanocomposites (2.5, 5 and 10 wt%).

Table 1

Characteristic clay structural and model parameters for the materials under

study

Material (wt%) L (nm) ds (nm) d(001) (nm) N ca Ep (GPa)b fp
c

Series A

5 50 1.4 4.8 5 0.34 59.8 0.0978

Series B

2.5 50 1.4 2.4 4 0.65 114.6 0.0255

5 50 1.4 4.8 5 0.34 59.8 0.0978

10 50 1.4 4.57 7 0.34 59.84 0.1955

a Calculated from Eq. (9).
b Calculated from Eq. (12).
c Calculated from Eq. (11).
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<2.5 wt%. That is, for clay loading 2.5 wt% where XRD
showed no characteristic peak, d(001) can admit any value be-
tween 2 and 5 nm [15], while for N¼ 4 there is a satisfactory
agreement between the theoretical curves and the experimen-
tal ratio. At this point, we will assume that d(001) equals
2.4 nm, as it will be explained in Section 6. On the contrary,
increasing N resulted in a considerable diminution in modulus.
Referring back to Fig. 2, it is observed that for the 5 wt%
sample, curve (5) (i.e. N¼ 5 and d(001)¼4.8 nm) gives an
adequate prediction, while for the 10 wt% sample this is
the case for curve (7), i.e., for N¼ 7 and d(001)¼4.57 nm. Sub-
stitution of the respective parameters in Eqs. (11) and (12),
yields fp¼ 0.0255, 0.0978 and 0.1955 and Ep¼ 114.6,
59.8 and 59.84 GPa for weight fractions 2.5, 5 and 10 wt%
correspondingly.

In summary, based on the foregoing analysis, the parameters
chosen for the calculation of the stiffness tensor, the compo-
nents of the Eshelby tensor, as well as for the simulation of
the tensile stressestrain results by the proposed model are listed
in Table 1. The observation that upon addition of a relatively
large amount of clay (10 wt%), the average number of silicate
layers per clay stack, N, is considerably increased from 4 or 5
for lower concentrations to 7, suggests an enhanced degree of
formation of intercalated nanoclusters.
4. Micromechanics model

The overall stiffness tensor of the nanocomposite materials
has been calculated, assuming that they are composed of a con-
tinuous isotropic matrix and discrete isotropic inclusions. The
estimation of the stiffness tensor follows previous works by
Taya and Chou [20], and Chen and Cheng [18]. Their works
are based on the results of Eshelby [16] and MorieTanaka
[17]. Chen et al. have extensively studied the effective elastic
moduli of planar orientation distribution and transversely iso-
tropic distribution of fibers. The interaction among fibers at
different orientations was included in their analysis by
adopting the mean stress concept of Mori and Tanaka [17] to-
gether with the eigenstrain idea of Eshelby [16]. Extending
this analysis, they have calculated the effective moduli tensor
C* for spherical particles acting as reinforcing agents, which
is given by the equation:

C� ¼ Cm$
�
Iþ fpB$

�
Iþ fpE

��1
 ð13Þ

where fp is the effective particle volume fraction, Cm the ma-
trix stiffness tensor, I is the identity tensor, and

B¼ A$T
A¼ I�C�1

m $Cf

T¼
�
Iþ S$C�1

m $Cf � S
��1
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where S is the Eshelby tensor, taken here for prolate inclu-
sions, with its components shown in Eq. (2). The combination
of Eshelby’s equivalent inclusion method and back stress anal-
ysis of Mori and Tanaka, which take into account the interac-
tions among inhomogeneities becomes necessary when the
volume fraction becomes large or as in the case of nanosized
fillers the surface area becomes high.

The elastoplastic behaviour of the nanocomposites will be
analyzed by combining the above-presented model with the
self-consistent model of Kroner, Budiansky and Wu [19]. Bu-
diansky and Wu proposed a self-consistent model that relates
strain and stresses within the single crystal grains to the over-
all strain and stress. In their model, the interaction of a single
crystal grain with the surrounding materials of the polycrystal
was approximated by a sphere embedded in a homogeneous
polycrystal matrix or aggregate. In the present work it is as-
sumed that both grain and aggregate are elastically isotropic,
while they are described by different elastic stiffness tensors
Cf and Cm correspondingly. Since the size of a single crystal
(or inclusion) is very small, the homogeneous aggregate or
matrix is considered to be infinitely extended. The aggregate
is subjected to the overall stress s0 producing overall strain 3.

As in the case of conventional composites, an effective in-
terface between the matrix and the nanoparticles is considered
[29], with a finite size which expresses the region surrounding
the inclusions. The presence of many chains at the interphase
means that much of the polymer is ‘interphase like’ [14].
Additionally, in intercalated nanocomposites, the polymer is
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inserted into the clay structure between the layers in a crystal-
lographically regular fashion. The degree of matrixefiller
interaction becomes higher in the exfoliated composites,
where the individual clay layers are separated and dispersed
in the continuous polymer matrix.

Due to the above-mentioned reasons, for nanosized com-
posites, the region around an inclusion is strongly interacted
with the matrix material. Therefore, when the externally
imposed stress field is high and plasticity occurs, the region
involving the inclusions undergoes plastic deformation. So it
is reasonable to assume that a plastic strain 3

p
f is related

with the inclusion.
For low values of s0 no plastic deformation is produced in

both the inclusion and the matrix. As s0 increases, plastic de-
formation will occur either in the matrix (3p) or in the inclusion
region (3

p
f ). The deformation then will become nonuniform,

especially due to the presence of inclusions. The plastic param-
eters of the matrix are unknown and will be calculated from the
constitutive description of the inclusions plastic deformation
procedure. The quantities s0, 3p and 3 can be considered as
the average values of the local quantities sf, 3f, 3

p
f over all

the randomly distributed single crystal grains (or inclusions).
To establish a relation between sf, 3f, 3

p
f and s0, 3, 3p Kro-

ner, Budiansky and Wu [19] assumed that the inclusion has
a stress-free transformation strain equal to 3

p
f � 3p, and follow-

ing Eshelby the strain inside it, due to the matrix-filler interac-
tion, is given by:

3pt ¼ S$ð3p
f � 3pÞ ð15Þ

Eq. (15) expresses the difference between plastic deforma-
tion related with the inclusion and the matrix plastic
deformation.

Following the procedure that is based on Chen and Cheng
[18], and the Kroner and Budiansky model expressed by Eq.
(15), the calculation of the stress sf inside the filler, presented
in detail in a previous work [23], results in the relation below:

sf ¼ Cm

�
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1� fp

�
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f � 3pÞ þ
�
fp� 1

�
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or in its time derivative form:

_sf ¼ Cm

h
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m $ _s0þ
�
1� fp

�
b
�

_3p
f � _3p

�
þ
�
fp� 1

��
_3p

f � _3p
�i
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where b¼ 2(4� 5n)/(15(1� n)), and n is the Poisson ratio of
the matrix.

Through the Kroner, Budiansky and Wu model a way is pro-
vided to transform the constitutive behaviour of single crystals
into that of polycrystals and vice versa. In an analogous way Eq.
(16) can be applied to formulate the elastoplastic behaviour of
conventional and nanosized particulate composites. Eq. (16)
bridges microstructural quantities such as sf, 3

p
f , over macro-

scopic properties of the composite material.
5. Kinematics
5.1. Kinematics of composite’s macrostructure
Given that the heterogeneous material examined behaves as
a continuous isotropic one, when a stress field s0 is imposed,
an overall strain tensor 30 and overall plastic strain tensor 3p

are produced. The kinematic description developed by Rubin
[21,22] that separates the elastic and plastic part will be ap-
plied in our analysis. This theory has been used to describe
yielding of crystalline materials [21], as well as yielding of
semicrystalline and amorphous polymers [30,31].

Following Rubin [21], in the case of uniaxial stress the
components of the symmetric part of the tensor of plastic de-
formation rate are given by the following equations:
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where am is the elastic stretch ratio and _Gp expresses the rate
of plastic deformation, which has been modelled in previous
work [31] and is expressed, in terms of a distribution density
function as follows:

_Gp ¼
_a

aðay
m � 1Þs

ffiffiffiffiffiffi
2p
p

Za

1

exp

�
� 1

2

	
ai� m

s


2�
dai ð19Þ

where _a is the imposed strain rate, m and s are the mean value
and the standard deviation of the distribution and ay

m is the
yield stretch ratio.
5.2. Kinematics of effective particle microstructure
On the other hand, in order to apply constitutive Eq. (16),
the plastic deformation tensor 3

p
f related with the fillers must

also be calculated. In this case, the kinematic description intro-
duced by Rubin for small strains will be applied. Following
Rubin’s theory which is analytically presented in previous
works [21,30,31], the flow rule which determines the rate of
the symmetric part of plastic deformation tensor is given by
the expression:

Dp
f ¼ _g~Dp

f ð20Þ

where _g is a non-negative function which will be specified in
the sequel and ~Dp

f defines the directions of the plastic velocity
gradient tensor. These directions are based on the dyadic
mi5mj, where mi, mj are linearly independent unitless vec-
tors that play the role of microstructural variables, and for
a two-dimensional problem they are given by the relations:
m1 ¼ ð1þ 3f

11Þa1; m2 ¼ ð1þ 3f
11Þa2; where a1 and a2 are

the orthonormal vectors a1¼{1,0}, a2¼{0,1}. Consequently
tensor ~Dp

f will be given by the following equation [22]:
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~Dp
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where s0f is the deviatoric stress tensor related with the inclu-
sion. The quantities m0i are given by m0i ¼ mi=det mij where
metric mij is defined as: mij ¼ mi$mj. Every term in Eq.
(21) is divided by t which is the maximum shear stress, denot-
ing that yield mainly occurs in the direction of this shear
stress.

Then Eqs. (20) and (21) give:

Dp
f11
¼ _g11

~Dp
f11

Dp
f22
¼ _g22

~Dp
f22

ð22Þ

Hardening laws introduced for polycrystalline materials by
Khan [32], are also applied here and _g11 and _g22 will be
expressed as follows:

_g11 ¼
ð _sf11
Þn

h

_g22 ¼
ð _sf22
Þn

h

ð23Þ

where _sf11
, and _sf22

are the corresponding components of
tensor _sf expressed by Eq. (17), n is an exponent and h is
the hardening modulus, treated both as material parameters.
Fig. 3. Tensile stressestrain results of pure Dow epoxy resin (series A) and its

nanocomposite with 5 wt% clay concentration ( fp¼ 0.0978). Points: experi-

mental data after Luo and Daniel [15]. Lines: simulated results.
6. Simulation of tensile results of polymer/clay
nanocomposites

The calculations were made using the software Mathema-
tica [33] for numerical integration of the corresponding equa-
tions, in the following way.

Assuming a two-dimensional problem, two parallel numer-
ical calculations were performed, that concern both the com-
posite material as a whole and the effective particle plastic
deformation. Combination of Eqs. (21)e(23) led to the calcu-
lation of Dp

f11
, and Dp

f22
, and consequently the determination of

the two components of effective particle plastic deformation
tensor 3

p
f , namely 3

p
f11
; 3

p
f22

. The integration has been made nu-
merically using small time steps, until a high convergence has
been obtained. Due to the assumption of the isotropic nature of
particulates and the type of testing, the other components are
taken equal to zero. Regarding the composite material, which
is also an isotropic one, the formulation used in the previous
work by Kontou [23] for the elastic stretch ratio am, together
with Eqs. (18) and (19) were utilized to calculate the compo-
nents of plastic deformation tensor Dp

11, Dp
22. Through them the

two components of the corresponding strain tensor 3p could be
evaluated. Finally, the overall stress s0 of the composite was
calculated through the total volumetric average strain 3T
introduced by Chen et al. [18]. Since in their work it was as-
sumed that s0 ¼ C�$3T, where

3T ¼ 30þ fpð3p
f � 3pÞ ð24Þ

it is extracted that

s0 ¼ C�$
�
30þ fpð3p

f � 3pÞ



ð25Þ
In the case of the pure matrix the following expression after

Rubin [22] has been used:

smatrix ¼ m

	
J�1

m

a3
m � 1

am



ð26Þ

where Jm ¼ 1þ ðm=3KÞðða3
m � 1Þ=amÞ, m is the Lamé con-

stant of tensor Cm and K is the matrix bulk modulus.
By introducing all the above-mentioned quantities in con-

stitutive Eq. (17), the tensile stress for all material types was
obtained and plotted versus total strain.

For the calculations, the Poisson ratio of the matrix was
equal to 0.35 and for nanocomposites 0.25. The only unknown
parameters are the distribution function constants m and s of Eq.
(19), as well as the hardening modulus h. For series A the mean
value was fitted equal to 0.0038 for the matrix and 0.0031 for
the nanocomposites, whereas for series B these values were
0.0091 and 0.0031, respectively. The standard deviation s was
always equal to the half of the mean value. The hardening mod-
ulus was fitted to be the same in two directions and equal to
10 GPa. Exponent n of Eq. (23) was fitted equal to 0.1.

The calculations were carried out in the following way: for
each sample, according to Table 1 the corresponding set of pa-
rameters, i.e., aspect ratio, modulus and volume fraction of the
effective particle were introduced in the Taya and Chou model
Eq. (1) to generate the theoretical curves of Figs. 1 and 2.
Thereafter, they were used to compute the effective particle
stiffness tensor, Cf and through Cf and Cm the effective elastic
moduli tensor C* from Eq. (13). Finally, as noted before, these
quantities were inserted in constitutive Eq. (17).

The simulated results are shown in Figs. 3 and 4 for both sets
of experiments. From these plots a good prediction between
experimental data and theoretical results is observed, and the



Fig. 4. Tensile stressestrain results of the neat three component CibaeGeigy

epoxy system (series B) and its nanocomposites with 2.5 ( fp¼ 0.0255), 5

( fp¼ 0.0978) and 10 ( fp¼ 0.1955) wt% concentration of clay. Points: experi-

mental data after Daniel et al. [24]. Lines: simulated results.
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selected values of hardening moduli related with the inclusions
plastic deformations can successfully describe the hardening
behaviour of the overall composite material. Thus, the forego-
ing analysis reveals that the proposed model manages to repro-
duce satisfactorily the experimental data of Daniel et al. [24] for
5 and 10 wt%, where the values of d(001) are clearly specified or
expected to lie in a certain range, as well as for clay concentra-
tion of 2.5 wt% where the authors did not provide any measure-
ment for d(001) (as already stated in Section 3). The best fit of the
experimental data for this nanocomposite was achieved for
d(001)¼2.4 nm and it is shown in Fig. 4.
7. Conclusions

In this work, a model was presented to formulate the elasto-
plastic response of particulate composite materials, experimen-
tally tested elsewhere. The model based on MorieTanaka
theory, for the estimation of the elastic stiffness tensor for the
composite materials, is combined with the self-consistent
model of Budiansky and Wu, valid for crystal plasticity, under
the basic assumption of the development of plastic strain in the
inclusion region. This assumption is reasonable for nanostruc-
tured materials by virtue of the strong interaction of the region
around the inclusion with the matrix. In order to make reliable
predictions, the modelling strategy has to take into account the
intrinsically hierarchical morphology of intercalated nanoclay,
as well as the morphology of the surrounding matrix. This for-
malism enables correlation of the macroscopic plastic response
of heterogeneous materials with their microstructural parame-
ters. The effects of incomplete intercalation and partial exfoli-
ation are examined by treating the intercalated nanoclay as
a homogeneous ‘effective particle’. The model was proved to
successfully describe the tensile response of epoxy/clay nano-
composites for different strain rates, performed elsewhere.
Back-analysis of the experimental data for clay concentration
2.5 wt% provided an estimate for the interlayer spacing around
2.4 nm for this nanocomposite, which could not be detected by
TEM or XRD techniques.
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